Abstract-Two approaches to reconstruct the S-matrix of N -port waveguide reciprocal devices from 2-port S-matrix measurements are proposed and discussed. The main advantage of the proposed approaches is that measurements are done always at the same two ports, without moving the device. The remaining N -2 ports are loaded with different loads, either matched or short. The first approach, based on a manipulation of the 2-port S-matrices, requires N -2 matched and two other loads, while the second approach, based on the evaluation of an equivalent circuit, requires N -2 short and two other loads. The measurement technique is based on standard loads (short, shift and matched) in the waveguide calibration kit of the 2-port VNA.
The approaches proposed in this paper are two. The first is a deep variation of the approach used in [11] , which will be defined as "S-direct" approach. The second is a new approach based on the reconstruction of an equivalent circuit for N -port waveguide device, based on 2-port VNA measurements, which will be defined as "EC" (Equivalent Circuit) approach. This approach starts from the possibility of defining a set of equivalent circuits for a device, in the sense defined by Marcuvitz [20] and Montgomery [21] : an equivalent circuit can represent a simple frequency dependence or the minimization of the electrical parameters, or the effects of evanescent modes. . .. Hence, any device can be represented with various equivalent circuits, and each one represents a particular characteristic and is "correct".
In the past, the author has defined some equivalent circuits to represent the presence of evanescent accessible modes and a fast and simple method for the identification of the electrical parameters of the equivalent circuits for waveguide devices [22] [23] [24] [25] . Hence, in the second approach an equivalent circuit will be proposed to reconstruct the N -port S-matrix waveguide device, starting from 2-port VNA measurements, in order to minimize and simplify the evaluation of its N (N + 1)/2 circuit parameters. Afterwards, the N -port Z-matrix can be obtained by applying the Kirchhoff's Voltage Law (KVL) to the circuit, and the S-matrix is evaluated by the usual matrix manipulations.
The results show good agreement for the two approaches. Only the scattering parameters with very low value (< −35 dB) could contain errors in their evaluation, related to the quality of the loads and to VNA measurement uncertainty.
THEORY

S-Direct Approach
The first method to reconstruct the S-matrix of a reciprocal waveguide device based on 2-port VNA measurements is based on the approach discussed in [11] . In this paper, Davidovitz proposed a method to reconstruct the S-matrix of a 3-port device, based on three sets of 2-port VNA measurements. In particular, the third port of the device is closed on three different loads. In absence of experimental errors, the reconstruction is correct. Though the approach is valid, the extension to the measurement of S-matrix of devices with more ports is not trivial [19] . Moreover, the presence of experimental errors can cause an incorrect reconstruction. The important reading key of [11] is that all the measurements are done always at the same two ports, without disconnecting and reconnecting the device, as instead is done in most papers cited in the Introduction. To avoid the disconnection and reconnection, switching matrices must be developed and inserted between the VNA ports and the device, increasing the cost of the overall equipment. To the Author's opinion, the approach used in [11] is very interesting because the disconnection and reconnection of the device can cause supplementary measurement errors. In fact, it is well known that if we measure the S-matrix of a 2-port device and we disconnect and reconnect the second port of the same device to the VNA, the measured S-matrix in the second case has different values for the transmission and for the reflection at the second port. Obviously, the differences are small and explainable, firstly, in terms of correct alignment of the device in the second reconnection (which can be reduced with the presence of precision dowels at the flanges of the device and of the waveguidecoax adaptors) and, secondly, to the unwanted movements of the cable connecting the second port of the device and the VNA, during the phase of device re-connection.
On the contrary, the main advantage in blocking the two ports used to measure the N -port device is that the cable disposition to connect the device and the VNA is fixed, and no other measurements errors due to the cable movements are introduced. Moreover, the cost of the measurement procedure proposed in [11] is limited to the cost of the calibrated loads, because switching matrices are not used. Hence, in order to reduce these measurement errors and cost of the overall measurements, the technique of fixing the two measurement ports (ports 1 and 2) should be used, and the reconstruction of the Nport S-matrix should be based on loading the remaining N -2 ports with three different loads connected to each port in a proper way that will be discussed in the following. How can we choose these loads? The simplest choice is to use just the standard loads contained in the VNA calibration kit, as stated in the Introduction: two shorts, two matched loads and a For a 3-port device, the procedure to evaluate its 3-port S-matrix consists in loading port 3 with a matched load and two different loads and measuring the three corresponding 2-port reduced devices with the VNA always connected to ports 1 and 2. The two loads can be chosen between the three combinations, shown in Table 1 , that can be obtained with the calibration kit. " 8 shift (length t b ) connected to a short. The obtained three 2-port S-matrices, S I , S II and S III , permit the reconstruction of the 3-port S-matrix [11] . The superscripts I, II and III refer to three loads connected to port 3, chosen in Table 1 . The first measurement, S I , done with the matched load connected to port 3, gives the scattering coefficients S 11 , S 12 and S 22 . 
Unfortunately, [11] does not analyze the redundancy of the obtained measurements. In fact, in the hypothesis of a reciprocal device, S II (three complex numbers, S II 11 , S II 12 , S II 22 ) and S III (three complex numbers, S III 11 , S III 12 , S III 22 ) are composed of six complex scattering parameters, while the scattering parameters of the 3-port S-matrix to be evaluated are only three, because S 11 , S 12 and S 22 have already been measured. Hence, three measured scattering parameters are redundant, and they are linearly dependent on the other three. The relationships between the three unknown independent parameters and the three linear dependent scattering parameters can be easily found. In fact, if we start from the measurement of S I and assume its scattering parameters as linearly independent, only two scattering parameters of S II and only one scattering parameter of S III are linearly independent.
This can be shown starting from the evaluation of the reduced 2-port S-matrix (S 3→2 ), obtained by connecting the third port of the 3-port S-matrix to a load with reflection coefficient Γ,
With simple mathematical steps, we can write the three redundant scattering parameters of the three measured 2-port S-matrices, obtained with three different loads connected to port 3, characterized by reflection coefficients Γ I = 0, Γ II , Γ III , in the following form: 
Obviously, any other choice of the three linearly independent scattering parameters is correct, producing different relationships of the linearly dependent scattering parameters, similar to Eqs. (2)-(3), and different expressions for the scattering parameters, similar to Eqs. (4)- (5) . The possible choices of the three independent parameters are nine and are shown in Table 2 . In absence of experimental errors, Equations (2)-(3) are always satisfied, and any choice of the three independent scattering parameters gives always the same 3-port S-matrix. In presence of experimental errors, the scenario is slightly different with respect to the approach discussed in [11] . In fact, the linear dependent scattering parameters do not satisfy Eqs. (2)-(3) just for the experimental errors occurring on all measured scattering parameters. Moreover, the user does not know which are the "most correct" three independent parameters, and this fact produces an uncertainty in the S-matrix reconstruction. Hence, the user must take into account all the nine combinations of the independent parameters, obtaining nine possible 3-port S-matrices. Moreover, to take into account all the possible combinations, the user must consider as second load any of the chosen loads, in order to ensure that three independent parameters belong to S II or to S III . For example, for the first row of Table 1 , the user should evaluate the reconstructed 3-port S-matrix for the following two combinations of the same three loads:
In so doing, the user changes the first two independent scattering parameters, associating them to the 2-port S-matrix measured with a short (item i) or a λ 8 & short (item ii) connected to port 3. Hence, the total possible combinations of the reconstructed 3-port S-matrix corresponding to each row of Table 1 are 18 : 9 (the combinations of the chosen independent scattering parameters shown in Table 2 ) ×2 (possible choices of the order of the second and third loads). The average of the 18 values of each scattering parameter is applied to find the most correct 3-port S-matrix. Averaging improves the evaluation of the scattering parameters if the experimental errors are not systematic.
In presence of a reciprocal device with four ports, the previous approach becomes more complex. In fact, if two loads with reflection coefficients γ 3 , γ 4 are connected to ports 3 and 4 of a 4-port S-matrix, the following 2-port S-matrix is obtained: 
The procedure to reconstruct the 4-port S-matrix consists in loading port 3 with three loads, being a load connected to port 4, then loading port 4 with three loads, being one of the previous load connected to port 3, and, finally, loading ports 3 and 4 with two loads in a combination not used in the previous cases. Six 2-port S-matrices are measured (18 complex scattering parameters are measured) to find 10 complex scattering parameters of the 4-port S-matrix: even in this case, there is measurement redundancy. Unfortunately, an approach similar to that discussed for a 3-port device, i.e., to find some equations as Eqs. (2)- (3) and Eqs. (4)- (6) , is quite difficult to apply because it is not easy to solve Eqs. (7)- (9) for the scattering parameters of the four-port S-matrix. Nevertheless, the solution to this problem exists, if two calibrated matched loads are available, as in the calibration kit.
In fact, if the first matched load is connected to port 4 (γ 4 = 0), the 4-port S-matrix reduces to a 3-port S-matrix containing only the scattering parameters of the first 3 ports (S 11 , S 12 , S 13 , S 22 , S 23 , S 33 ), which can be reconstructed connecting three loads to port 3, with a combination chosen between the first three rows (a)-(c) of Table 1 , including the second matched load. The procedure to reconstruct these six scattering parameters follows the previously discussed approach in Eqs. (4)- (6) .
Afterwards, the first matched load is connected to port 3, and in this case, the 4-port S-matrix reduces to a 3-port S-matrix containing only the scattering parameters relative to ports 1, 2 and 4 (S 11 , S 12 , S 14 , S 22 , S 24 , S 44 ), which can be reconstructed with Eqs. (4)- (6), connecting port 4 to three loads, chosen in rows (a)-(c) of Table 1 , including the second matched load. It should be noted that only two measurements must be made, because the combination of the two matched loads at ports 3 and 4 has already been measured when the first six scattering parameters relative to port 3 are reconstructed.
The last scattering parameters S 34 is obtained loading ports 3 and 4 with a combination of two loads, characterized by reflection coefficients γ 3 , γ 4 , without the use of matched loads. The seven possible combinations are shown in Table 3 , cases (a)-(g), with i = 3 and j = 4. Table 3 . Possible combinations of loads, with reflection coefficient γ, to be connected to ports i and j.
matched load 0
The last measurement gives a scattering matrix S γ 3 γ 4 (three scattering parameters S
) that permits to obtain S 34 from one of Eqs. (7)- (9), for example from Eq. (7):
The uncertainty about the sign of the square root is solved by replacing both values of S 34 in Eq. (7) and verifying which sign of the square root in Eq. (10) gives the correct values of S
22
. In absence of experimental errors, any choice of Eqs. (7)- (9) gives always the same S 34 . In presence of experimental errors, the values of S 34 that solve each of Eqs. (7)-(9) must be obtained, for a total of three possible values. The average of these values is applied to find the most correct value for S 34 .
The same approach can be used to reconstruct the S-matrix of N -port devices with measurements performed always at ports 1 and 2. In this case, N -2 matched loads are needed, and the measurement procedure is the application of the procedure for a 4-port device at different port combinations:
(i) load ports 3, 4, . . . , N with N -2 matched loads and measure the S-matrix to obtain S 11 , S 12 , S 22 .
(ii) load ports 4, 5, . . . , N with N -3 matched loads, and port 3 with two different loads, chosen between the combinations (a)-(c) of Table 1 , and measure the two 2-port S-matrices at port 1 and 2, to obtain the scattering parameters S 13 , S 23 , S 33 with (4)-(6). (iii) repeat step 2) for port 4, to obtain S 14 , S 24 
(vi) load ports 3 and 4 with one combination of loads chosen between cases (a)-(g) of Table 3 , and ports 5, . . . , N with N -2 matched loads, and measure the S-matrix at port 1 and 2, to obtain the scattering parameters S 34 with (10). (vii) repeat step 7) for ports 3 and 5, to obtain S 35 . (viii) repeat step 7) for ports i and j (3 ≤ 
Equivalent Circuit Approach (EC-Approach)
The second proposed approach to reconstruct N -port S-matrix consists in evaluating an equivalent circuit from N (N − 1)/2 S-matrix measurements at ports 1 and 2 of the N -port waveguide device. From the knowledge of the electrical parameters of the equivalent circuit, the S-matrix of the overall N -port device can be evaluated with simple manipulations.
The first step consists in drawing an equivalent circuit that is suitable to evaluate its electrical parameters from 2-port S-matrix measurements. The proposed circuit for a 4-port device is shown in Fig. 1(a) , and it is derived from the equivalent circuits discussed in [22] [23] [24] [25] . The transformers are used to normalize the admittances in the circuit kernel. The simple application of the equivalent circuits proposed in [25] is useless because it is quite hard to obtain the electrical parameters of those circuits from 2-port S-matrix measurements at ports 1 and 2. In fact, if we load ports 3 and 4 of the circuit discussed in [25] with N (N −1)/2 combinations of two loads, the evaluation of the electrical parameters is obtained solving ten nonlinear equations, containing ten scattering parameters of the 4-port S-matrix. Hence, that circuit is unable to solve this problem efficiently, and another equivalent circuit should be defined, recalling that many equivalent circuits can be defined for the same device, each of them satisfying a particular property (frequency dependence, simplicity, parameter reduction. . .) [20, 21] . Following this advice, the kernel of the circuit shown in Fig. 1 (a) (i.e., the admittances placed at the sides and at the symmetry axes of the rectangle) and the two lines connecting the kernel to the measurement ports 1 and 2 are the same of [25] , redrawn and rearranged for convenience. The difference is the presence of the series impedances −jZ 0k tan θ k , k = 3, 4 between the kernel and connecting lines of the loaded ports 3 and 4. These series impedances are the key to simplify the evaluation of the circuit parameters (lines and admittances) from 2-port S-matrix measurements done at ports 1 and 2.
In fact, let's suppose to load ports 3 and 4 of the circuit shown in Fig. 1(a) with two shorts. The impedances seen at sections CC and DD are respectively jZ 03 tan θ 3 and jZ 04 tan θ 4 , which resonate with the series impedances −jZ 0k tan θ k , k = 3, 4, resulting in two short circuits at sections cc and dd of the kernel and a global short circuit between nodes 1 and 3. Hence, the equivalent circuits reduce to that shown in Fig. 1(b) . If the same loads are connected to the actual device at ports 3 and 4, the corresponding 2-port S-matrix, S 0,0 , can be measured at ports 1 and 2. The two superscript characters of S represent the two loads connected to ports 3 and 4. Hence, the electrical lengths θ 1 , θ 2 and the sum of the admittances connected to node 2 y p = y 12 + y 23 + y 24 (11) can be easily evaluated from this measurement, as described in [25] and here reported: 
From the knowledge of θ 1 and θ 2 , it is possible to evaluate the other electrical lengths θ 3 and θ 4 . In fact, if port 4 of the circuit shown in Fig. 1(a) is connected to a short circuit, port 4 disappears, being short-circuited by the resonance of the input impedance and the series impedance −jZ 04 tan θ 4 . Moreover, if port 3 is connected to a shorted waveguide of length t a , the circuit reduces to that shown in Fig. 2 , with k = (3). The normalized input admittance seen at section cc can be evaluated with simple mathematical manipulations, β being the propagation constant of the fundamental waveguide mode "kernel" 
The corresponding 2-port S-matrix, S ta,0 , can be measured at ports 1 and 2, and the following manipulations can be done on the circuit shown in Fig. 2 : (a) a line of electrical length −θ 1 is added to port 1, to vanish the overall transmission line at the same port; (b) a line of electrical length −θ 2 connected to a short circuit (shorted line) is added to port 2. The equivalent circuit is simplified as shown in Fig. 3(a) . The normalized input admittance seen from section aa , y (3) aa (t a , 0), is:
"kernel"
"kernel" Obviously, the same transformation can be mathematically applied to the measured 2-port Smatrix, S ta,0 , obtaining the corresponding value of y (3) aa (t a , 0):
Similarly, adding a shorted line of electrical length −θ 1 to port 1 and a line of electrical length −θ 2 to port 2, the equivalent circuit is simplified as shown in Fig. 3(b) , and the normalized input admittance seen from section bb , y (t a , 0), is:
23 + y
Equations (16) or (18) are the key to find θ 3 . In fact, if we load port 4 with a short circuit and port 3 with a second shorted waveguide of length t b and measure the corresponding S-matrix, S t b ,0 , from Eqs. (16) and (18) we can write: 
If the shorted waveguide of length t b is replaced by a matched waveguide, the normalized admittance seen at section cc is y
and y mw input replaces y sw input in Figs. 2 and 3 . Moreover, Eq. (22) becomes 
S mw,0 being the 2-port S-matrix measured with ports 3 and 4 loaded with a matched waveguide and a short circuit, respectively. Similarly, the value of the electrical length θ 4 can be obtained by loading port 3 with a short circuit that simplifies the equivalent circuit as shown in Fig. 2 , with k = (4). Loading port 4 with two shorted waveguides of lengths t a and t b , or a shorted waveguide of length t a and a matched load, and defining S 0,ta , S 0,t b , S 0,mw the corresponding measured 2-port S-matrices, Equations (16) The evaluation of the kernel normalized admittances is quite simple. In fact, the susceptances connected to node 2, y 12 , y 23 , y 24 , can be obtained from Eqs. (11), (12), (14), (16)- (21) and (26)- (30):
aa (0, t a ) − y 
aa (t a , 0) + y 
The remaining three admittances y 34 , y 14 , y 13 can be evaluated with a linear equation system. In fact, two independent equations can be obtained from Eqs. (11), (12) , (14) , (16) 
The third equation can be obtained loading ports 3 and 4 with a load combination not yet used and not containing short, chosen between cases (f)-(j) of Table 3 , and measuring the corresponding S-matrix, S cross , at ports 1 and 2. A simple manipulation is done on S cross : two lines of electrical length −θ 1 and −θ 2 are connected to ports 1 and 2, to evaluate the S-matrix of the circuit kernel without the input/output lines, S ker , as shown in Fig. 4(a) . The voltages and currents at sections aa and bb of the circuit shown in Fig. 4(a) can be evaluated from the knowledge of S ker , for any value of the scattering amplitudes a 1 , a 2 , which can be chosen arbitrarily. For example, if ports 3 and 4 are loaded with two shorted waveguides with lengths t a and t b . We set a 1 = 1, a 2 = 1, and we can write:
(37)
It should be noted that the normalization of the scattering amplitudes with respect to the modal impedances √ Z 01 and √ Z 02 disappears in Eqs. (36)-(37) because sections aa and bb are placed at the output section of the transformers with ratio √ Z 01 : 1 and √ Z 02 : 1 shown in Fig. 4(a) . 14 , y 13 that can be easily solved. Summing up, the proposed approach permits to evaluate the electrical lengths θ 1 , θ 2 connected to ports 1 and 2, loading ports 3 and 4 with two shorts, measuring the 2-port S-matrix S 0,0 and using Eq. (12) . The other electrical lengths θ 3 , θ 4 are obtained with Eq. (22) applied at port 3 (loading port 4 with a short and port 3 with two different shorted waveguides and measuring S 0,ta , S 0,t b ) and at port 4 (loading port 3 with a short and port 4 with two different shorted waveguides and measuring S ta,0 , S t b ,0 ). The three admittances connected to node 2, shared by ports 1 and 2, are obtained with Eqs. (31)-(33) . Finally, loading ports 3 and 4 with a load combination chosen between cases (f)-(j) in Table 3 and measuring S cross , the remaining three admittances can be evaluated solving the linear equation system Eqs. (34), (35) and (40), with S ker obtained from S cross . The 4-port Z-matrix of the proposed equivalent circuit shown in Fig. 1(a) can be easily obtained and transformed in the 4-port S-matrix. The needed measurements are six.
In absence of experimental errors, the proposed approach gives the exact identification of the electrical parameters, while in presence of experimental errors some other steps are needed. In fact, any 2-port S-matrix suffers from measurement errors, and the number of error in the scattering parameters is unknown. Moreover, we can observe that when θ 1 , θ 2 and the electrical length connected to port k are evaluated, we obtain three S-matrices (for example S 0,0 , S ta,0 , S t b ,0 for k = 3) that are related by the property that only six scattering parameters are linearly independent, as discussed in Subsection 2.1. Hence, we can apply Eqs. (2)- (3) to evaluate the other three dependent scattering parameters. Obviously, which are the six most correct scattering parameters is unknown, hence a procedure similar to that described in Subsection 2.1 must be applied, taking into account all the combinations of the six independent scattering parameters and evaluating the corresponding electrical length θ k and admittances y k 12 , y k 23 , y k 13 with Eqs. (14), (22), for each combination. The average of all combinations of each electrical parameter is applied to find the most correct value. This procedure must be applied to all N -2 ports.
The same approach can be extended to 5-port device, characterized by the equivalent circuit shown in Fig. 4(b) , based on a 5-side polygon, with 10 admittances between nodes, similar to that discussed in [23] and here redrawn for convenience, with series impedances −jZ 0k tan θ k , k = 3, 4, 5 in the load ports. The external lines of length θ k , k = 1, . . . , 5 have been omitted. The procedure to evaluate the circuit parameters follows that previously discussed. 
(x) Equations (44)- (49) form a linear system on the remaining six susceptances.
The extension to N -port device is discussed in Appendix A.
RESULTS
Measurement Uncertainty
The two proposed methods could contain low reconstruction errors due to various problems, as the VNA intrinsic measurement uncertainty, uncertainty about the value of the matched load, actual lengths of the λ 8 (or 3λ 8 ) shift waveguides and the connection between the flanges of the DUT and the loads connected to ports 3, 4, . . . , N. These uncertainties could cause some errors in the reconstruction of the DUT S-matrix, and a discussion about their effects is fundamental to understand the limits of the proposed approaches. Hence, the 4-port WR-90 waveguide device shown in Fig. 5(b) , a Tee magic with 90 • bend at port 2, which will be analyzed in the next section, has been numerically simulated to obtain its 4-port S-matrix. Then, the 2-port VNA measurements have been numerically obtained connecting ports 3 and 4 of the numerical 4-port S-matrix to short,
) shift waveguides, and matched loads, as discussed in the previous section. The possible measurement errors have been simulated as follows.
• To simulate the VNA intrinsic measurement uncertainty, the 2-port simulated measurements have been changed, adding a random error to the third, fourth or fifth decimal digit of each scattering parameter. Hence, S measured
is the exact numerical scattering coefficient of the analyzed structure shown in Fig. 5(b) , simulated with CST, and δ m and δ φ are random integers varying in the ranges −9 ÷ 9 and 0 ÷ 2π, respectively. In doing so, a random error is added to the third decimal digit of each scattering parameter. To simulate the same error in the fourth or fifth decimal digit, 10 −3 is replaced by 10 −4 or 10 −5 .
• To simulate the uncertainty of the value of the matched load, the corresponding 2-port simulated measurements have been obtained by loading port 3 or 4 with a numerical load with reflectivity equal to −30 dB, −40 dB or −50 dB, over the whole band of interest.
• To simulate the uncertainty due to the connections between the flanges of the loads and the DUT, the corresponding 2-port simulated measurements have been obtained by inserting a numerical load with reflectivity equal to −40 dB or −50 dB between the loads and the DUT.
• To simulate the uncertainty of the length of the Once the 2-port simulated measurements have been evaluated, they are used to reconstruct the 4-port S-matrix with the two approaches discussed in the previous section. The effects of the above uncertainties are analyzed in Fig. 6 where the difference between exact and reconstructed scattering coefficients with the S-direct approach, ΔS ij = |S exact ij − S s ij |, is shown for the case of the VNA uncertainty set at the third decimal digit. The main effect is recognizable on S 24 (red curve of Fig. 6(b) ) which should be less than −80 dB for the numerical Tee magic simulated with CST: the VNA uncertainty produces a maximum error of about 0.06 at 9.2 GHz on S 24 , which is about −24 dB at this frequency. The other scattering coefficients, which are greater than zero, have an acceptable reconstruction error, as shown in the same figure. The reconstruction errors decrease if the VNA uncertainty is set to the fourth or the fifth decimal digit, as shown in the first three lines of Table 4 , where: (a) ΔS max 24 is the maximum difference between the reconstructed and the exact value of S 24 ; (b) S max 24 is the maximum value of the reconstructed value; (c) ΔS max ij is the maximum difference between the reconstructed and the exact values of the other scattering coefficients, over the whole band. The best results are obtained with the VNA uncertainty set to the fifth decimal digit. For our Agilent 8510C network analyzer, the uncertainty can be assumed equal to the fourth decimal digit if the IF filter of the VNA is set to 1K, and this can be deduced comparing the values of measured S 12 and S 21 of a reciprocal device. In fact, and S s ij are the scattering coefficients of the exact numerical 4-port S-matrix and of the reconstructed 4-port S-matrix with the S-direct approach, respectively. The curves refer to the VNA uncertainty at the third decimal digit. Table 4 . Analysis of measurement uncertainty for the structure shown in Fig. 5(b The second uncertainty is due to the actual value of the matched load, as discussed above. The errors of the reconstructed value of the scattering parameters are reported in Table 4 in the lines relative to matched load, in the hypothesis of a matched load with values −30 dB, −40 dB or −50 dB over the whole band of interest: this uncertainty is less important than the previous one for the S-direct approach. Similar considerations apply to the uncertainty due to the connections between the flanges of the ports and the DUT (Table 4 , lines relative to flanges).
Finally, the uncertainty on the mechanical precision (±0.03 mm) of the length of the shifted waveguides is shown in Table 4 in the lines relative to λ 8 and 3λ 8 shifted waveguide length. It is evident that this uncertainty can be considered irrelevant, for the S-direct approach.
The same simulations have been performed for the EC-approach, and the results are summarized in Table 4 in the columns relative to the EC-approach. For the EC-approach, the effect of the VNA uncertainty is less than the S-direct approach, while the effects of the matched load (if used, choosing cases (h)-(j) of Table 3 ) and of the flanges connection are greater than the S-direct approach. The effects of the lines' lengths are more pronounced than the S approach but always very low. From the previous discussion, we can consider to neglect the uncertainty due to the actual lengths of the shifted waveguide for both approaches, while the other uncertainties play different roles. In fact, the matched load and flanges uncertainties seem to afflict the S-matrix reconstruction more in the EC-approach than in the S-approach, while the opposite applies to the VNA uncertainty.
The analysis of the measurement uncertainty relative to the 5-port device shown in Fig. 5(c) is very similar and is not shown for brevity.
Experimental Results
The two proposed approaches have been applied to evaluate the S-matrices of 3-port, 4-port and 5-port WR-90 waveguide devices, shown in The amplitude and phase of the reconstructed S ij for the T-junction of Fig. 5 (a) are shown in Fig. 7 . For each amplitude of S ij , two curves are shown in Fig. 7(a) , the first (superscript s) referring to the S-direct approach and the second (superscript ec) to the EC-approach: the agreement is good. The agreement for the phases Φ ij = arg(S ij ) of scattering coefficients is very good, as shown in Fig. 5(b) , where the phase difference between the two approaches, ΔΦ ij = Φ s ij − Φ ec ij , is reported. The obtained results have been compared also with the experimental S-matrix of the T-junction, obtained closing one port at a time on a matched load and measuring the scattering coefficients occurring between the other two ports. Obviously, the experimental S-matrix suffers from some errors, as discussed in the Introduction, due to the three disconnections and reconnections of the device. The reconstructed values of S ij with the two proposed approaches have been compared with the experimental values, used as benchmark. This comparison is summarized in Table 5 , where the worst case for all S ij is reported: for the T-junction, the greater difference between the experimental (superscript exp) and reconstructed values, expressed in dB, |S Table 5 relative to the Tee-magic: the greater difference between the reconstructed and experimental values is less than ±0.35 dB for S 44 (S-approach) or S 11 (EC-approach) in the worst case.
For each phase of S ij , except S 24 , the difference between the phases reconstructed with the two approaches is shown in Fig. 8(c) : the phase differences are very low, showing that the two proposed approaches work quite well for the scattering coefficients with not negligible values. The reconstructed phase of S 24 is shown in Fig. 8(d) , and it is evident that there are different behaviors for the two approaches, due to the very low value of |S 24 
|.
The main problem in applying the S-direct approach to reconstruct N -port S-matrix is that this approach is expensive because of the cost of N -2 well calibrated and tested matched loads. On the contrary, the EC-approach could solve this problem, because N -2 shorts, not matched waveguides, are needed, and a low cost solution can be proposed, because a waveguide short can be simply realized in any mechanical laboratory starting from an aluminum substrate (or brass, bronze, . . .) of some mm height. This was done in our laboratory, and one waveguide short was realized. Joining the waveguide calibration kit and this new waveguide short, the EC-approach can be applied to measure 5-port waveguide device. For the S-direct approach, a third calibrated matched waveguide must be used.
The results relative to the 5-port device of Fig. 5 (c) are shown in Fig. 9 : even in this case, the reconstruction of |S ij | with the two proposed approaches gives very similar results (Fig. 9(a)-9(b) ). Small differences appear for |S 12 | and |S 25 | that have very low values, as shown in Fig. 9(c) , where the experimental values are reported as benchmarks. It should be noted that the value of S 12 is exact in the S-direct approach because it is directly measured when ports 3, 4 and 5 are connected to three matched loads. Hence, S 12 obtained with the EC-approach contains reconstruction errors, due to its low value, and probably, the use of precision dowels at the 5 ports of the device could increase the precision of S 12 reconstruction. It should be noted that with the S-direct approach, |S 12 | ≈ |S 25 Table 5 , and the error is less than ± 0.5 dB, in the worst cases (|S 45 | and |S 11 |), showing good agreement again.
CONCLUSIONS
Two different approaches (S-direct and Equivalent Circuit) have been proposed and discussed to reconstruct the S-matrix of N -port waveguide device, using a set of measurements performed always at the same 2-ports, loading the other N -2 ports with different loads. In doing so, the DUT must not be moved, reducing the number of movement cables. Moreover, hardware switching matrices, required in other approaches, are not used. The loads to be connected to the DUT are in a FLANN calibration kit for WR-90 waveguides and consist in two calibrated matched waveguides, two shorts and two calibrated different shifts ( λ 8 and 3λ 8 at center frequency of the X band). The first S-direct approach requires N -2 calibrated matched waveguides while the second EC-approach requires N -2 shorts, which can be easily realized in a mechanical laboratory, with very low cost and good precision. The results show very good agreement for both the approaches. Only the scattering parameters with very low value contain errors in their evaluation. These errors could be lowered if precision dowels are used to connect the flanges of the coaxial-waveguide adapter to the flanges of the device under test.
APPENDIX A.
The EC-approach can be extended to N -port device, characterized by N (N +1)/2 scattering parameters, defining an equivalent circuit based on a kernel obtained from a N -side polygon [25] , with admittances between nodes, and connecting the sides relative to ports 1 and 2 to transmission lines of lengths θ 1 and θ 2 and the other N -2 sides to series impedances −jZ 0k tan θ k followed by transmission lines of length θ k , k = 3, 4, . . . , N. The procedure to evaluate the electrical parameters of the equivalent circuits is similar to that previously discussed: firstly, the electrical lengths θ 1 , θ 2 , . . . , θ N are evaluated, then the N -1 susceptances connected to node 2 are obtained, and finally, a linear system on the remaining admittances is solved. The steps are as follows: Measure the corresponding two S-matrices at ports 1 and 2 to obtain θ k with Eq. (22) (t a ) are the admittances seen from section aa or bb when port i is connected to a shorted waveguides of length t a and the other ports to a short (see Eqs. (16), (18) or (41) 
